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Proximal Algorithms (convex)
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Proximal Algorithms (non-convex)
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Proximal Mapping

Proximal mapping

g : domg → R ∪ {+∞}: proper, lower-semicontinuous

proxg(u) = argmin
x∈domg

g(x) +
1

2
‖x− u‖22

argmin
x∈domg

g(x) s.t. ‖x− u‖2 ≤ τ
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Proximal Mapping

Interpretations:

Generalized projection: g(x) = δC(x) ,

{
0 x ∈ C
∞ x /∈ C

proxg(u) = PC(u)

Gradient step: g is smooth and λ > 0 is small

proxλg(u) = argmin
x∈domg

λg(x) +
1

2
‖x− u‖22

' u− λ∇g(u)
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Proximal Mapping

Properties:

1 Postcomposition: If f(x) = αφ(x) + β then proxf (x) = proxαφ(x)

2 Precomposition: If f(x) = φ(αx + β) then proxf (x) = 1/α
(
prox

α2φ
(αx + β)− β

)
3 Moreau decomposition: x = proxf (x) + proxf∗ (x) f∗(y) = supx (yT x− f(x))

Example: f(x) = ‖x‖∞

proxf (x) = x− proxf∗(x)

f∗(x) = δC(x), C = {x ∈ Rn | ‖x‖1 ≤ 1}

prox‖.‖∞(x) = x− proxδC(x)
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Proximal Mapping

Examples:

Soft-thresholding: g(x) = λ‖x‖1
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Hard-thresholding: g(x) = λ‖x‖0
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Mixed norms: `2,1, `2,0, · · ·
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Proximal Point Method

min
x∈Rn

f(x)

xk+1 = argmin
x∈Rn

f(x) +
1

2αk
‖x− xk‖22

smooth f : xk+1 ' xk − αk∇f(xk)

non-smooth f : xk+1 = proxαkf (xk)
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Forward-backward Splitting

min
x∈Rn

f(x) + g(x)

f : domf → R smooth (convex/non-convex)

g : domg → R ∪ {+∞} non-smooth (convex/non-convex)

Examples:

Compressed sensing: minx
1
2‖y −Ax‖22 + λ‖x‖0

Low-rank recovery: minX
1
2‖Y −A(X)‖2F + λ‖X‖∗

Dictionary learning: minX,D
1
2‖Y −DX‖2F + δx(X) + δd(D)
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A Key Lemma

Descent lemma

f : domf → R, smooth and L-gradient Lipschitz∗, µ ∈ (0, 1/L]

∀x,y ∈ domf : f(x) ≤ f(y) +∇f(y)T (x− y) +
1

2µ
‖x− y‖22︸ ︷︷ ︸

f̃(x,y)

∗∀x, y ∈ domf :

‖∇f(x)−∇f(y)‖2 ≤ L‖x− y‖2
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Forward-backward Splitting

min
x∈Rn

f(x) + g(x)

xk+1 = argmin
x

f̃(x,xk) + g(x)

xk+1 = argmin
x

1

2
‖x−

(
xk − µ∇f(xk)

)
‖22 + µ · g(x)

1 Forward step:

zk = xk − µ∇f(xk)

2 Backward step:

xk+1 = proxµ·g(zk)
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Forward-backward Splitting

Example 1: Iterative Shrinkage-Thresholding

min
x∈Rn

1

2
‖y −Dx‖22︸ ︷︷ ︸

f(x)

+λ‖x‖1︸ ︷︷ ︸
g(x)

→ xk+1 = proxµλ‖.‖1
(
xk − µ∇f(xk)

)

Example 2: Smoothed `0 (SL0)

min
x∈Rn

n∑
i=1

(
1− exp(−x

2
i

σ2
)
)

s.t. ‖y −Dx‖2 ≤ ε

min
x∈Rn

n∑
i=1

(
1− exp(−x

2
i

σ2
)
)

︸ ︷︷ ︸
f(x)

+ δC(x)︸ ︷︷ ︸
g(x)

→ xk+1 = proxδC
(
xk − µ∇f(xk)

)
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Backward-backward Splitting

min
x∈Rn

g(x) + h(x)

g : domg → R ∪ {+∞} non-smooth (convex/non-convex)

h : domh → R ∪ {+∞} non-smooth (convex/non-convex)

xk+1 = proxg

(
proxh(xk)

)

Example. Find x ∈ C1 ∩ C2

min
x∈Rn

δC1(x) + δC2(x) δC(x) ,

{
0 x ∈ C
∞ x /∈ C
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Backward-backward Splitting

Example 1: Designing normalized-column, orthogonal-row matrices (unit-norm
tight frames)

C1 = {D ∈ Rm×n | ∀i : ‖di‖2 = 1}

C2 =
{

D ∈ Rm×n | ∀i 6= j : dT[i]d[j] = 0
}

Dk+1 = proxδC2︸ ︷︷ ︸
SVD

(
proxδC1︸ ︷︷ ︸
normalization

(Dk)

)
A = UΣVT → proxδC2 (A) = UVT
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Backward-backward Splitting

Example 2: Sparse recovery by `0 minimization

min
x∈Rn

‖x‖0 s.t. ‖y −Dx‖2 ≤ ε

minx∈Rn ‖x‖0︸︷︷︸
g(x)

+ δC(x)︸ ︷︷ ︸
h(x)

C = {x ∈ Rn | ‖y −Dx‖2 ≤ ε}

xk+1 = proxh︸ ︷︷ ︸
projection

(
proxg︸ ︷︷ ︸

hard-thresholding

(xk)

)
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