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Proximal Algorithms (convex)

Proximal Algorithms

Authors  Neal Parikh, Stephen P Boyd
Publication date  2014/1/13
Journal  Foundations and Trends in optimization
Volume 1
Issue 3
Pages 127-239

Description  Abstract This monograph is about a class of optimization algorithms called proximal
algorithms. Much like Newton's method is a standard tool for solving unconstrained smooth
optimization problems of modest size, proximal algorithms can be viewed as an analogous
tool for nonsmooth, constrained, large-scale, or distributed versions of these problems. They
are very generally applicable, but are especially well-suited to problems of substantial
recent interest involving large or high-dimensional datasets. Proximal methods sitat a ...

Total citations  Cited by 819

-
2013 2014 2015 2016 2017

Mostafa Sadeghi Proximal Algorithms
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Proximal Mapping

Proximal mapping

g: domy; — RU {+o0}: proper, lower-semicontinuous

. 1
prox, (u) = argmin g(x) + 5 [x — ul3
x€domy

x€domy

. *.@ N
argmin g(x) st. |x—ul <7 \ \\\Q
u

« prox,(u)
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Proximal Mapping

Interpretations:

0 xecC

@ Generalized projection: g(x) = d¢(x) = { ‘e
00 X

prox, (u) = Pe(u)

@ Gradient step: g is smooth and A > 0 is small

1
prox,,(u) = argmin Ag(x) + - x — ull3
x€domy 2

~u— AVg(u)
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Proximal Mapping

Properties:

© Postcomposition: if] f(x) = ag(x) + 8 | then
@ Precomposition: if| f(x) = ¢(ax + B) | then

© Moreau decomposition: ‘ x = prox;(x) + prox = (x) ‘ F*(y) = supy (yTx — £(x))

Proxy(x) = prox,g(x)

proxy(x) = 1/a(131‘0xa2¢(ax +8) —B)

Example: f(x) = ||x]|
prox;(x) = x — prox;.(x)

frx) =de(x), C={xeR"[ [x[L <1}

prox | (x) = x — prox,,(x)
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Proximal Mapping

Examples:
e Soft-thresholding: g(x) = Al|x|)1 .
e Hard-thresholding: g(x) = Al|x]|o .

@ Mixed norms: l 1, £20, - -

Mostafa Sadeghi Proximal Algorithms March 2017 8 /17



Proximal Point Method

min f(x)

. 1
Xp4+1 = argmin f(x) + THX — xxl5
xER™ (075

@ smooth f: Xpt1 ~ Xk — oV f(xk)

@ non-smooth f: Xk+1 = PI'OXakf(Xk)
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Forward-backward Splitting

min f(x) +(x) |
o f: domy — R smooth (convex/non-convex)
e g: domy; — RU {400} non-smooth (convex/non-convex)
Examples:
e Compressed sensing: miny 1|y — Ax||3 + Ax[lo
o Low-rank recovery: minx 3[|Y — AX)[|% + A X]|.
@ Dictionary learning: minx p 3[|Y — DX||% + 0:(X) + 64(D)
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A Key Lemma

Descent lemma

f: dom; — R, smooth and L-gradient Lipschitz*, u € (0,1/L]

Vx,y edomf: f(x)<fy)+Viy) (x—y)+ iHX —yl3

f (:y)

*Vr,y € domf :

IVF(x) = V()2 < Llx = yll2

y
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Forward-backward Splitting

min f(x) + g(x)

Xg 1 = argmin f(x, ;) + g(x)
X

1
Xip1 = argmin |lx = (i — V7 (x0)) I3 + e g(x)
X

g(x) fx.xk)
© Forward step:

2, = xp, — puV f(xx)

@ Backward step:

Xj41 = Prox,,.,(z)
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Forward-backward Splitting

Example 1: Iterative Shrinkage-Thresholding

gﬁ/*Mf Dx[[3+ Allx[lt ={ Xx41 = Prox,\ .y, (xx — £V f(x))

(%) g(x)

Example 2: Smoothed ¢y (SLO)

n 2
. xI;
min ) (1-exp(=—3)) st |y —Dx|a<e
=1
n 2
min (1 —exp(— %)) +0c (%) = Xk 41 = Proxy, (xx — pV f(xx))
x€eR™ —y ——
N — g(x)
f(x)
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Backward-backward Splitting

min g(x) + h(x) J
x€R™
e g: dom; - RU {+o0} non-smooth (convex/non-convex)
e h: domy, - RU{+o0} non-smooth (convex/non-convex)

X) 1 = Prox, (proxh(xk)>

Example. Find x € C;1 NCy

min dc, (x) + oc, (x) sex) 240 XEC
x€R 00 X%C
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Backward-backward Splitting

Example 1: Designing normalized-column, orthogonal-row matrices (unit-norm
tight frames)
d
0 Ci={DeR™"| Vi: ||di|l =1}
o C={Derm | visj: dfdy =0}

dim)

Djy1 = prox;,, ( ProXs,, (Dk>> A =USVT - prox;. (A) = UV”
—— \ e — C2

SvD normalization
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Backward-backward Splitting

Example 2: Sparse recovery by £y minimization

min [xfo st [ly ~Dx] <e

minxegn  |X[lo + de(x) C={xeR"| |ly - Dx|]z < ¢}
~— =
9(x) h(x)

Xk4+1 = Prox,, < prox, (Xk)>
——

projection  hard-thresholding
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