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Sensors are being used in a variety of domains

• Industry

• Medicine

• Wireless communications

• Aerospace engineering

• Biomedical engineering

• Civil engineering

• Environmental study

• Robotics 

• …
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Optimal Sensor Placement

• Economical interest: reducing the price

• Energy: reducing the required energy for the power supply

• Weight: making the products as light as possible

• Computational complexity: reducing computational cost

• Ergonomic design and arrangement e.g. motion capture

? Why optimal sensor placement is important?

ü Limited number of sensors:

…
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Optimal Sensor Placement for Source Extraction
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!Goal: extract the source s(t) from a set of noisy measurements

Question: Where to put the set of sensors to have the best source extraction?

2. PROPOSED METHOD

This section details the proposed method to choose the best
sensor locations for source extraction.

Assumption:

• K sensors are already allocated

• Choosing other N sensor locations

2.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (1)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by

ŝ(t) = fTy(XK , t) = fTa(XK)s(t) + fTn(XK , t), (2)

where y(XK , t) = [y(x1, t), . . . , y(xK , t)]T , a(XK) =
[a(x1), . . . , a(xK)]T and n(XK , t) = [n(x1, t), . . . , n(xK , t)]T .
Classically, a criterion to choose the best f is the output
signal-to-noise ratio (SNR) defined by

SNR(f) = E[(fTaKs(t))2] / E[(fTnK(t))2], (3)

where for the sake of simplicity wK stands for w(XK)
for any spatial function w(·). Assuming that the signal
time samples are temporally zero-mean, independent and
identically distributed (iid) and denoting σ2

S = E[s(t)2]
and Rn

K = E[nK(t)nT
K(t)], then the SNR (3) resumes to

SNR(f) = σ2
s (f

TaKaTKf) / (fTRn
Kf). Maximizing it to

express the best extraction vector f∗ leads to1

f∗ = (Rn
K)−1aK , (4)

and the achieved output SNR is given by

SNR(f∗) = σ2
S aTK(Rn

K)−1aK . (5)

2.2. Optimal sensor location for source extraction

If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗

M so that

1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
signal amplitude can then be used to properly scale the extracted source.

the output SNR (3) is maximum. According to (5), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )−1aM (6)

is maximum: X∗
M = argmaxXM J(XM ).

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (9)

where Ra
M ∈ RM×M is the covariance matrix whose (i, j)th

element is ka(xi,xj) and Tr(·) is the trace operator. The op-
timal sensor locations are thus obtained as

X̂M = argmax
XM

Ĵ(XM ). (10)

However, directly maximizing (9) can lead to a high com-
putational cost since it needs to place M sensors in a D-
dimensional space simultaneously (i.e. it is an optimization
problem of size M ×D). To avoid this, one can use a greedy
approach that selects the M sensors by sequentially selecting
N < M sensors at a time. Assuming that K sensors have al-
ready been placed, to choose the locations of the N following
ones, criterion (8) will be recast as

Ĵ(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (11)

where K+N means {XN
⋃

XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . The conditional
mean (11) means that âK and the upper diagonal block of
Rn

K+N are independent of the new sensor locations XN .
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Ĵ(XM ). (10)

However, directly maximizing (9) can lead to a high com-
putational cost since it needs to place M sensors in a D-
dimensional space simultaneously (i.e. it is an optimization
problem of size M ×D). To avoid this, one can use a greedy
approach that selects the M sensors by sequentially selecting
N < M sensors at a time. Assuming that K sensors have al-
ready been placed, to choose the locations of the N following
ones, criterion (8) will be recast as
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4 Chapitre 1. Introduction

y(x, t) recorded at time t by a sensor positioned at x ∈ X ⊆ RD, consider that a source signal
s(t) is propagated through an space described by a(x) as the spatial gain between the source
s(t) and the sensor. Also, the corresponding spatially correlated/time uncorrelated additive
noise n(x, t) is considered. Then, the noisy measurement is related to the source signal s(t) as
follows :

y(x, t) = a(x)s(t) + n(x, t), (1.1)

Now, if M sensors are used at locations XM = [x1,x2, . . . ,xM ]T , then the set of
noisy measurements related to each sensor can be denoted by the vector y(XM , t) =
[y(x1, t), y(x2, t), . . . , y(xM , t)]T , where ·T is the transpose operator. Note that all signals are
supposed to be real values. We also denote n(XM , t) = [n(x1, t), n(x2, t), . . . , n(xM , t)]T and
a(XM ) = [a(x1), a(x2), . . . , a(xM )]T the corresponding noise and spatial gain vectors, respec-
tively. One can then write the measurement model (1.1) in a more compact form as follows :

y(XM , t) = a(XM )s(t) + n(XM , t). (1.2)

Fig. ?? is provided in order to better understand and comprehend the above model.

Under this setting, we can be interested either in (i) characterizing the source signal, or
(ii) the structure, or even (iii) the resulting field of signals in some regions of the structure. In
all these cases, signals are recorded by multiple sensors located at different positions within
or on the structure. Due to price, energy or ergonomic constraints (e.g. when the structure is
the human body), the number of sensors is often limited and it becomes crucial to place a few
sensors at positions which contain the maximum information. This problem corresponds to
optimal sensor placement and it is faced in a great number of applications ranging from infra-
structure monitoring [Ber+05] ; [Kra+08] ; [Dan91] ; [MZ05] and robotics [CL04] to biomedical
signal processing [Her+00] ; [SJ+18].

The way to tackle the problem of optimal sensor placement differs from one application to
another, it mainly depends on which of three aspects mentioned above we want to focus on.
In this paper, we study this problem aiming at the first aspect, that is, to extract a source
signal from a set of noisy measurements collected from a limited number of sensors.

This work can be seen as a different twist on optimal sensor placement using Kriging (spa-
tial Gaussian processes), here we focus on reducing the uncertainty on the signal source to be
extracted. This differs from the classical Kriging-based methods [SW87a] ; [Cre90] ; [KSG08],
since these methods focus on reducing the uncertainty directly on the spatial phenomenon,
which would correspond to reconstruct the gain and not the signal itself. In the classical Kri-
ging approach, sensor locations are selected according to criteria such as entropy [SW87a] ;
[Cre90] or mutual information [KSG08] on the gain, while in our case the criterion is the
average SNR of the signal itself.

Our work can also be seen as a problem of optimal source extraction, thus being related
to the domain of source separation [CJ10]. We are here interested in extracting only a single
source signal from a linear mixture with many other sources assuming the following : 1)
prior information on the spatial gain of the target source is available ; 2) the effect of the

environmental noise:

2. PROPOSED METHOD

This section details the proposed method to choose the best
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TaKaTKf) / (fTRn
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1The scaling factor is here not tackled since in source extraction, the main
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A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (9)

where Ra
M ∈ RM×M is the covariance matrix whose (i, j)th

element is ka(xi,xj) and Tr(·) is the trace operator. The op-
timal sensor locations are thus obtained as

X̂M = argmax
XM

Ĵ(XM ). (10)

However, directly maximizing (9) can lead to a high com-
putational cost since it needs to place M sensors in a D-
dimensional space simultaneously (i.e. it is an optimization
problem of size M ×D). To avoid this, one can use a greedy
approach that selects the M sensors by sequentially selecting
N < M sensors at a time. Assuming that K sensors have al-
ready been placed, to choose the locations of the N following
ones, criterion (8) will be recast as

Ĵ(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (11)

where K+N means {XN
⋃

XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . The conditional
mean (11) means that âK and the upper diagonal block of
Rn

K+N are independent of the new sensor locations XN .
Once the sensor locations X̂M are obtained, one can ex-

tract the source of interest (2) using the separation vector

f̂M = (Rn
M )−1ma

M . (12)

?

2. NOTHING

y(XM , t) = 
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Ĵ resumes to
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1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
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(noisy measurements) (source)

…



gipsa-lab

Our approach v.s. classical kriging approaches

5 / 21

2. NOTHING

y(XM , t) = 




y(x1, t)
y(x2, t)

...
y(xM , t)






XM = {
XK

XN

}

y(XM , t) = a(XM )s(t) + n(XM , t)

3. PROPOSED METHOD

This section details the proposed method to choose the best
sensor locations for source extraction.

3.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (1)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by
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and the achieved output SNR is given by

SNR(f∗) = σ2
S aTK(Rn

K)−1aK . (5)

3.2. Optimal sensor location for source extraction

If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗

M so that
the output SNR (3) is maximum. According to (5), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )−1aM (6)

is maximum: X∗
M = argmaxXM J(XM ).

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (9)

where Ra
M ∈ RM×M is the covariance matrix whose (i, j)th

element is ka(xi,xj) and Tr(·) is the trace operator. The op-
timal sensor locations are thus obtained as

X̂M = argmax
XM

Ĵ(XM ). (10)

However, directly maximizing (9) can lead to a high com-
putational cost since it needs to place M sensors in a D-
dimensional space simultaneously (i.e. it is an optimization
problem of size M ×D). To avoid this, one can use a greedy
approach that selects the M sensors by sequentially selecting
N < M sensors at a time. Assuming that K sensors have al-
ready been placed, to choose the locations of the N following
ones, criterion (8) will be recast as

Ĵ(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (11)
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Figure 1.2: Comparison between Kriging and the proposed sensor selection scheme for source
extraction.

total set of the sensors i.e. XK ∪XN provides us with with the maximum SNR. Afterward,
a source extraction method such as linear source extractor is applied to estimate the source
signal ŝ(t). Meanwhile, by looking at Fig. 1.2b, we see that our proposed methodology is in
contrast to the standard sensor placement using Kriging which, in the case of source extraction,
corresponds to a two-step procedure : first, standard Kriging will select the sensor locations
so that information on the spatial gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains denoted by â(XK ∪XN ), one can extract
the source of interest from the mixtures. So, we see that the sensor location procedure is just
focused on the best estimation of the spatial gain, and it does not directly consider the best
estimation of the source signal.

y(XK , t)

y(XK ∪XN , t)

â(XK ∪XN )

In our framework in this thesis, we assume that a(x) is not fully known, either because
we have measured it only in a few positions, or because the available prior information on it
is vague. To model this uncertainty, we take a Bayesian perspective and we assume that a(x)
is a realization of a Gaussian process (GP). Such uncertainty modeling approach has been
extensively used in function interpolation, where it is named kriging [Kri51] ; [Cre90], in the
design of computer experiments [SWN13] and in global optimization [JSW98]. It has also been
used for sensor placement in [KSG08], where the increment of the mutual information (MI)
is proposed as a placement criterion. In [KSG08], the increment in MI is maximized using a
near-optimal greedy approach. New sensors are added one by one starting with an empty set,
in such a way that, at each iteration, the selected location adds maximum information.

It is also noticeable that our work can be seen as a problem of optimal source extraction,
thus being related to the domain of source separation [CJ10] ; [Vri03]. We are here interested in

(b) Kriging approach

Figure 1.2: Comparison between Kriging and the proposed sensor selection scheme for source
extraction. Top : our proposed approach in this thesis selects sensor positions according to
the best extraction of the source signal. Bottom : classical Kriging approaches, select sensor
positions according to the best extraction of the spatial gain, and then, a source extraction
method is used to recover the source signal from the measurements recorded by the sensors.

[Cre90] or mutual information [KSG08] ; [VJV04] ; [Sam06] on the gain, while in our proposed
criteria we mainly focus on the output SNR of the source signal itself.

Fig. 1.2 is prepared to be able to better distinguish between our purposed method in this
thesis and the classical kriging approach for sensor placement. As we see in Fig. 1.2a, in our
proposed approach we directly focus on our goal which is the extraction of the source signal,
and the sensor positions XM are selected according to this aim. Meanwhile, from Fig. 1.2b, we
see that the main focus of the Kriging approach is on the good estimation of the spatial gain
from noisy measurements, and it does not directly consider the best estimation of the source
signal. In another word, classical kriging approach contains two steps : 1) in the first step the
positions are selected such that we achieve the best estimation of the spatial gain, and 2) in
the second step, a source extraction method is used to extract the desired source signal from
the recordings of the already located sensors. In contrast, in our suggested method, these two
steps are combined i.e. the selection of the sensor locations and the extraction of the source
signal are done together.

It is very important to emphasise that in many works on this topic such as in
VrinsVariableSelection2003, it is assumed that we have recorded some signals using a
set of sensors, and then, some of the measurements are selected to be processed for a certain
purpose. However, in this thesis our idea is totally different. Here, from the beginning and
before recording, we want to predict where to put the sensors. This assumes that we do not
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6 Chapitre 1. Introduction

Sensor selection 
criterion

Source 
extraction

(a) Proposed approach

Sensor selection 
criterion

kriging Source 
extraction

6 Chapitre 1. IntroductionyK(t)
<latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit><latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit><latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit><latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit>

yK+N (t)
<latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit><latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit><latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit><latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit>

kriging source 
extraction

sensor selection 
criterion

XN
<latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit><latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit><latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit><latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit>
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ŝ(t)
<latexit sha1_base64="mwTHPhgpTdT2hXA2HQxEu2vuMPw="></latexit><latexit sha1_base64="mwTHPhgpTdT2hXA2HQxEu2vuMPw="></latexit><latexit sha1_base64="mwTHPhgpTdT2hXA2HQxEu2vuMPw="></latexit><latexit sha1_base64="mwTHPhgpTdT2hXA2HQxEu2vuMPw="></latexit>

SNR(ŝ)
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(b) Kriging approach

Figure 1.2: Comparison between Kriging and the proposed sensor selection scheme for source
extraction.

total set of the sensors i.e. XK ∪XN provides us with with the maximum SNR. Afterward,
a source extraction method such as linear source extractor is applied to estimate the source
signal ŝ(t). Meanwhile, by looking at Fig. 1.2b, we see that our proposed methodology is in
contrast to the standard sensor placement using Kriging which, in the case of source extraction,
corresponds to a two-step procedure : first, standard Kriging will select the sensor locations
so that information on the spatial gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains denoted by â(XK ∪XN ), one can extract
the source of interest from the mixtures. So, we see that the sensor location procedure is just
focused on the best estimation of the spatial gain, and it does not directly consider the best
estimation of the source signal.

y(XK , t)

y(XK ∪XN , t)

â(XK ∪XN )

In our framework in this thesis, we assume that a(x) is not fully known, either because
we have measured it only in a few positions, or because the available prior information on it
is vague. To model this uncertainty, we take a Bayesian perspective and we assume that a(x)
is a realization of a Gaussian process (GP). Such uncertainty modeling approach has been
extensively used in function interpolation, where it is named kriging [Kri51] ; [Cre90], in the
design of computer experiments [SWN13] and in global optimization [JSW98]. It has also been
used for sensor placement in [KSG08], where the increment of the mutual information (MI)
is proposed as a placement criterion. In [KSG08], the increment in MI is maximized using a
near-optimal greedy approach. New sensors are added one by one starting with an empty set,
in such a way that, at each iteration, the selected location adds maximum information.

It is also noticeable that our work can be seen as a problem of optimal source extraction,
thus being related to the domain of source separation [CJ10] ; [Vri03]. We are here interested in

(b) Kriging approach

Figure 1.2: Comparison between Kriging and the proposed sensor selection scheme for source
extraction. Top : our proposed approach in this thesis selects sensor positions according to
the best extraction of the source signal. Bottom : classical Kriging approaches, select sensor
positions according to the best extraction of the spatial gain, and then, a source extraction
method is used to recover the source signal from the measurements recorded by the sensors.

[Cre90] or mutual information [KSG08] ; [VJV04] ; [Sam06] on the gain, while in our proposed
criteria we mainly focus on the output SNR of the source signal itself.

Fig. 1.2 is prepared to be able to better distinguish between our purposed method in this
thesis and the classical kriging approach for sensor placement. As we see in Fig. 1.2a, in our
proposed approach we directly focus on our goal which is the extraction of the source signal,
and the sensor positions XM are selected according to this aim. Meanwhile, from Fig. 1.2b, we
see that the main focus of the Kriging approach is on the good estimation of the spatial gain
from noisy measurements, and it does not directly consider the best estimation of the source
signal. In another word, classical kriging approach contains two steps : 1) in the first step the
positions are selected such that we achieve the best estimation of the spatial gain, and 2) in
the second step, a source extraction method is used to extract the desired source signal from
the recordings of the already located sensors. In contrast, in our suggested method, these two
steps are combined i.e. the selection of the sensor locations and the extraction of the source
signal are done together.

It is very important to emphasise that in many works on this topic such as in
VrinsVariableSelection2003, it is assumed that we have recorded some signals using a
set of sensors, and then, some of the measurements are selected to be processed for a certain
purpose. However, in this thesis our idea is totally different. Here, from the beginning and
before recording, we want to predict where to put the sensors. This assumes that we do not
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3. PROPOSED METHOD

This section details the proposed method to choose the best
sensor locations for source extraction.

3.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (3)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by

ŝ(t) = fTy(XK , t) = fTa(XK)s(t) + fTn(XK , t), (4)

where y(XK , t) = [y(x1, t), . . . , y(xK , t)]T , a(XK) =
[a(x1), . . . , a(xK)]T and n(XK , t) = [n(x1, t), . . . , n(xK , t)]T .
Classically, a criterion to choose the best f is the output
signal-to-noise ratio (SNR) defined by

SNR(f) = E[(fTaKs(t))2] / E[(fTnK(t))2], (5)

where for the sake of simplicity wK stands for w(XK)
for any spatial function w(·). Assuming that the signal
time samples are temporally zero-mean, independent and
identically distributed (iid) and denoting σ2

S = E[s(t)2]
and Rn

K = E[nK(t)nT
K(t)], then the SNR (5) resumes to

SNR(f) = σ2
s (f

TaKaTKf) / (fTRn
Kf). Maximizing it to

express the best extraction vector f∗ leads to1

f∗ = (Rn
K)−1aK , (6)

and the achieved output SNR is given by

SNR(f∗) = σ2
S aTK(Rn

K)−1aK . (7)

3.2. Optimal sensor location for source extraction

If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗

M so that
the output SNR (5) is maximum. According to (7), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )−1aM (8)

is maximum: X∗
M = argmaxXM J(XM ).

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (6) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (8). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (9)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (10)

1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
signal amplitude can then be used to properly scale the extracted source.

ü Targeting the output signal to noise ratio (SNR)

ü Linear source extraction:
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3. PROPOSED METHOD

This section details the proposed method to choose the best
sensor locations for source extraction.

3.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (1)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by

ŝ(t) = fTy(XK , t) = fTa(XK)s(t) + fTn(XK , t), (2)

where y(XK , t) = [y(x1, t), . . . , y(xK , t)]T , a(XK) =
[a(x1), . . . , a(xK)]T and n(XK , t) = [n(x1, t), . . . , n(xK , t)]T .
Classically, a criterion to choose the best f is the output
signal-to-noise ratio (SNR) defined by

SNR(f) = E[(fTaKs(t))2] / E[(fTnK(t))2], (3)

where for the sake of simplicity wK stands for w(XK)
for any spatial function w(·). Assuming that the signal
time samples are temporally zero-mean, independent and
identically distributed (iid) and denoting σ2

S = E[s(t)2]
and Rn

K = E[nK(t)nT
K(t)], then the SNR (3) resumes to

SNR(f) = σ2
s (f

TaKaTKf) / (fTRn
Kf). Maximizing it to

express the best extraction vector f∗ leads to1

f∗ = (Rn
K)−1aK , (4)

and the achieved output SNR is given by

SNR(f∗) = σ2
S aTK(Rn

K)−1aK . (5)

3.2. Optimal sensor location for source extraction

If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗

M so that
the output SNR (3) is maximum. According to (5), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )−1aM (6)

is maximum: X∗
M = argmaxXM J(XM ).

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (9)

1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
signal amplitude can then be used to properly scale the extracted source.

: Variance of the source

2. NOTHING

y(XM , t) = 




y(x1, t)
y(x2, t)

...
y(xM , t)






XM = {
XK

XN

}

yM = {
yK

yN

}

aM = {
aK
aN

}

fP = f(XP )
y(XM , t) = a(XM )s(t) + n(XM , t)
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This section details the proposed method to choose the best
sensor locations for source extraction.

3.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (1)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by
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If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗

M so that
the output SNR (3) is maximum. According to (5), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )−1aM (6)

is maximum: X∗
M = argmaxXM J(XM ).

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
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where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to
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1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
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{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
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is maximum: X∗
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A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (6) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (8). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
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behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
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tion, such as the output of independent component analysis
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tice the criterion to optimize is defined as the mean output
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
on the uncertainty Ra

M of a(x). This multiplicative term is
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (15), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

SNR(f∗,XM ) = σ2
S aT (XM )[Rn(XM )]−1a(XM ). (15)

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (15) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
on the uncertainty Ra

M of a(x). This multiplicative term is
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (15), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

SNR(f∗,XM ) = σ2
S aT (XM )[Rn(XM )]−1a(XM ). (15)

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (15) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining

( Fundamentals of Statistical Signal Processing: Estimation Theory -- Steven M. Kay)
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2. NOTHING

y(XM , t) = 




y(x1, t)
y(x2, t)

...
y(xM , t)






XM = {
XK

XN

}

yM = {
yK

yN

}

aM = {
aK
aN

}

fP = f(XP )
y(XM , t) = a(XM )s(t) + n(XM , t)

3. PROPOSED METHOD

This section details the proposed method to choose the best
sensor locations for source extraction.

3.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (1)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by

ŝ(t) = fTy(XK , t) = fTa(XK)s(t) + fTn(XK , t), (2)

where y(XK , t) = [y(x1, t), . . . , y(xK , t)]T , a(XK) =
[a(x1), . . . , a(xK)]T and n(XK , t) = [n(x1, t), . . . , n(xK , t)]T .
Classically, a criterion to choose the best f is the output
signal-to-noise ratio (SNR) defined by

SNR(f) = E[(fTaKs(t))2] / E[(fTnK(t))2], (3)

where for the sake of simplicity wK stands for w(XK)
for any spatial function w(·). Assuming that the signal
time samples are temporally zero-mean, independent and
identically distributed (iid) and denoting σ2

S = E[s(t)2]
and Rn

K = E[nK(t)nT
K(t)], then the SNR (3) resumes to

SNR(f) = σ2
s (f

TaKaTKf) / (fTRn
Kf). Maximizing it to

express the best extraction vector f∗ leads to1

f∗ = (Rn
K)−1aK , (4)

and the achieved output SNR is given by

SNR(f∗) = σ2
S aTK(Rn

K)−1aK . (5)

3.2. Optimal sensor location for source extraction

If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗

M so that
the output SNR (3) is maximum. According to (5), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )−1aM (6)

is maximum: X∗
M = argmaxXM J(XM ).

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (9)

where Ra
M ∈ RM×M is the covariance matrix whose (i, j)th

element is ka(xi,xj) and Tr(·) is the trace operator. The op-
timal sensor locations are thus obtained as

X̂M = argmax
XM

Ĵ(XM ). (10)

1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
signal amplitude can then be used to properly scale the extracted source.
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If M sensors are used, the aim of optimal sensor location for
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the output SNR (3) is maximum. According to (15), this prob-
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is maximum: X∗
M = argmaxXM J(XM ).

1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
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A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )−1âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (9)

where Ra
M ∈ RM×M is the covariance matrix whose (i, j)th

element is ka(xi,xj) and Tr(·) is the trace operator. The op-
timal sensor locations are thus obtained as

X̂M = argmax
XM

Ĵ(XM ). (10)

However, directly maximizing (9) can lead to a high com-
putational cost since it needs to place M sensors in a D-
dimensional space simultaneously (i.e. it is an optimization
problem of size M ×D). To avoid this, one can use a greedy
approach that selects the M sensors by sequentially selecting
N < M sensors at a time. Assuming that K sensors have al-
ready been placed, to choose the locations of the N following
ones, criterion (8) will be recast as

Ĵ(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (11)

where K+N means {XN
⋃

XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . The conditional
mean (11) means that âK and the upper diagonal block of
Rn

K+N are independent of the new sensor locations XN .
Once the sensor locations X̂M are obtained, one can ex-

tract the source of interest (2) using the separation vector

f̂M = (Rn
M )−1ma

M . (12)

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
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to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
xM

f(xM ) s.t.

{
‖Dx‖22≥ ε

0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
M(M−1)

2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then

Dx =




1 −1 0
1 0 −1
0 1 −1








x1

x2

x3



 =




x1 − x2

x1 − x3

x2 − x3



 .

To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
xM ,zM

f(xM ) s.t.






zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)

M . That is:

z(l)M = argmin
zM∈Aε

1

2α
‖zM −Dx(l)

M ‖22. (11)

The solution to the above minimization is a projection onto
the set Aε as follows:

z(l)M =





Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
M

‖Dx(l)
M ‖2

2

ε , otherwise.
(12)

For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent

Spatial regularization
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â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
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(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)

M . That is:

z(l)M = argmin
zM∈Aε

1

2α
‖zM −Dx(l)

M ‖22. (11)

The solution to the above minimization is a projection onto
the set Aε as follows:

z(l)M =


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Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
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ε , otherwise.
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For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +
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2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent

to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
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normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
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we use the penalty method [12], by adding the constraint
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For the second step, the variable zM is fixed as in (12), and
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mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]
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tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:
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{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
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J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
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where K+N means {XN
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using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
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greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:
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To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
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f(xM ) s.t.
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zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
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{
f(xM ) +
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}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)

M . That is:

z(l)M = argmin
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The solution to the above minimization is a projection onto
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M , if ‖Dx(l)
M ‖22≥ ε
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For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:
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{
f(xM ) +
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‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent
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sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
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where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn
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M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma
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3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
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sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
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squared distances to be greater than a threshold. Furthermore,
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i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
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J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:
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noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
xM

f(xM ) s.t.

{
‖Dx‖22≥ ε

0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
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2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then
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
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To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:
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to be uncorrelated with the source. Assuming that M sen-
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mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
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rion is the output signal-to-noise ratio (SNR) defined by [11]
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of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
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i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma
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3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
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{
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0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
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2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then
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To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
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f(xM ) s.t.
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zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
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{
f(xM ) +
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s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)
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For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:
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Since the constraint is a quite simple convex set, to solve (13),
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search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
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to choose the locations of the next N sensors, the following
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where K+N means {XN
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using the following separation vector [11]

f̂M = (Rn
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3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
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To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:
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where Aε =
{
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. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:
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{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as
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Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
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K+N )−1âK+N |XK ], (6)

where K+N means {XN
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greedy approach, our proposed method directly provides the
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(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

min
xM ,zM∈Aε

{
− J(XM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (11)

J(XM )Tosolve(11), wedotheminimizationoverx˙Mandz˙Malternately.Atiterationl, first, thecostisoptimizedoverz˙M, fixingx˙Mtoitscurrentestimatexˆ(l)˙M.Thatis :

z(l)M = argminzM∈Aε

1
2α‖zM −Dx(l)

M ‖22.(12)The solution to
the above minimization is a projection onto the set Aε as
follows:

z(l)M =





Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
M

‖Dx(l)
M ‖2

2

ε , otherwise.
(13)

For the second step, the variable zM is fixed as in (13), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (14)

to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
xM

f(xM ) s.t.

{
‖Dx‖22≥ ε

0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
M(M−1)

2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then

Dx =




1 −1 0
1 0 −1
0 1 −1








x1

x2

x3



 =




x1 − x2

x1 − x3

x2 − x3



 .

To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
xM ,zM

f(xM ) s.t.






zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)

M . That is:

z(l)M = argmin
zM∈Aε

1

2α
‖zM −Dx(l)

M ‖22. (11)

The solution to the above minimization is a projection onto
the set Aε as follows:

z(l)M =





Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
M

‖Dx(l)
M ‖2

2

ε , otherwise.
(12)

For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent
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Alternating minimization:

to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
xM

f(xM ) s.t.

{
‖Dx‖22≥ ε

0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
M(M−1)

2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then

Dx =




1 −1 0
1 0 −1
0 1 −1








x1

x2

x3



 =




x1 − x2

x1 − x3

x2 − x3



 .

To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
xM ,zM

f(xM ) s.t.






zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)

M . That is:

z(l)M = argmin
zM∈Aε

1

2α
‖zM −Dx(l)

M ‖22. (11)

The solution to the above minimization is a projection onto
the set Aε as follows:

z(l)M =





Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
M

‖Dx(l)
M ‖2

2

ε , otherwise.
(12)

For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent

• Step1:

to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
xM

f(xM ) s.t.

{
‖Dx‖22≥ ε

0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
M(M−1)

2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then

Dx =




1 −1 0
1 0 −1
0 1 −1








x1

x2

x3



 =




x1 − x2

x1 − x3

x2 − x3



 .

To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
xM ,zM

f(xM ) s.t.






zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

To solve (10), we do the minimization over xM and zM al-
ternately. At iteration l, first, the cost is optimized over zM ,
fixing xM to its current estimate x(l)

M . That is:

z(l)M = argmin
zM∈Aε

1

2α
‖zM −Dx(l)

M ‖22. (11)

The solution to the above minimization is a projection onto
the set Aε as follows:

z(l)M =





Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
M

‖Dx(l)
M ‖2

2

ε , otherwise.
(12)

For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent

to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:

J(XM ) = (ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M ), (4)

where Ra
M ∈ RM×M and Rn

M ∈ RM×M are the covari-
ance matrices of the spatial gain and the noise respectively,
whose (i, j)th elements are ka(xi,xj) and kn(xi,xj). Also,
mM = {ma

i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:

min
xM

f(xM ) s.t.

{
‖Dx‖22≥ ε

0 ≤ xi ≤ 1 i ∈ {1, 2, . . . ,M}
, (8)

where D ∈ R
M(M−1)

2 ×M is a matrix that enumerates all the
possible combinations of positions in pairs of size two. For
instance, if the number of sensors is M = 3, then

Dx =




1 −1 0
1 0 −1
0 1 −1








x1

x2

x3



 =




x1 − x2

x1 − x3

x2 − x3



 .

To solve (8), we define an auxiliary variable zM = DxM ,
and reformulate (8) as the following problem:

min
xM ,zM

f(xM ) s.t.






zM ∈ Aε,

zM = DxM ,

0 ≤ xi ≤ 1 i ∈ {1, . . . ,M},
(9)

where Aε =
{
zM ∈ RM

∣∣∣ ‖zM‖22≥ ε
}

. To solve (9),
we use the penalty method [12], by adding the constraint
zM = DxM as a penalty to the target function with the
penalty parameter α:

min
xM ,zM∈Aε

{
f(xM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (10)

min
xM ,zM∈Aε

{
− J(XM ) +

1

2α
‖zM −DxM‖22

}

s.t. 0 ≤ xi ≤ 1 i ∈ {1, . . . ,M}. (11)

J(XM )Tosolve(11), wedotheminimizationoverx˙Mandz˙Malternately.Atiterationl, first, thecostisoptimizedoverz˙M, fixingx˙Mtoitscurrentestimatexˆ(l)˙M.Thatis :

z(l)M = argminzM∈Aε

1
2α‖zM −Dx(l)

M ‖22.(12)The solution to
the above minimization is a projection onto the set Aε as
follows:

z(l)M =





Dx(l)

M , if ‖Dx(l)
M ‖22≥ ε

Dx(l)
M

‖Dx(l)
M ‖2

2

ε , otherwise.
(13)

For the second step, the variable zM is fixed as in (13), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (14)

• Step2:  fixing

to be uncorrelated with the source. Assuming that M sen-
sors are located at positions XM = {xi}i∈{1,···,M}, linear
source extraction amounts to design a vector f ∈ RM to esti-
mate the source as ŝ(t) = fTy(XM , t), where y(XM , t) =
[y(x1, t), . . . , y(xM , t)]T . To find the best f , a classical crite-
rion is the output signal-to-noise ratio (SNR) defined by [11]

SNR(f) = E[(fTaMs(t))2] / E[(fTnM (t))2], (2)

where aM = [a(x1), . . . , a(xM )]T denotes the vector of spa-
tial gains and nM (t) = [n(x1, t), . . . , n(xM , t)]T the vector
of noise. The spatial gain a(x) of the source of interest is
modelled as a stochastic Gaussian process to take into account
the uncertain knowledge on it:

â(x) ∼ GP(ma(x), ka(x,x′)), (3)

where ma(x) is the mean function and ka(x,x′) is the covari-
ance function. Furthermore, we consider a zero mean Gaus-
sian process with covariance matrix kn(x,x′) to model the
noise. The criterion to optimize is then obtained as [11]:
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M +Tr((Rn
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where Ra
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i }i∈{1,···,M} is the set of means at locations
{xi}i∈{1,···,M}, and Tr(·) is the trace operator. The optimal
sensor locations are finally obtained as

X̂M = argmax
XM

J(XM ). (5)

Directly maximizing (4) in a grid requires a combinatorial
search, which leads to a high computational cost. Therefore,
a greedy approach has been introduced in [11] that selects
the M sensors by sequentially selecting N < M sensors at
a time. Assuming that K sensors have already been placed,
to choose the locations of the next N sensors, the following
criterion is optimized:

J(XN |XK) = E[âTK+N (Rn
K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , âTN ]T . Once the sensor loca-
tions X̂M are obtained, the source of interest is extracted by
using the following separation vector [11]

f̂M = (Rn
M )−1ma

M . (7)

3. PROPOSED METHOD

In this section we present our proposed framework to solve
the optimization problem for sensor placement. Unlike the
greedy approach, our proposed method directly provides the
positions of all the required number of sensors. By con-
sidering a one dimensional situation, we want to minimize

f(xM ) = −J(xM ). In order to control the average distances
between each pair of the sensors, we constrain the sum of the
squared distances to be greater than a threshold. Furthermore,
due to the spatial constraints of the boundaries, we consider a
normalized case where 0 ≤ xi ≤ 1. Therefore, we study the
following minimization problem:
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possible combinations of positions in pairs of size two. For
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
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To solve (8), we define an auxiliary variable zM = DxM ,
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



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a time. Assuming that K sensors have already been placed,
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K+N )−1âK+N |XK ], (6)

where K+N means {XN
⋃
XK} and thus âK+N ∈ RK+N
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M . That is:
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For the second step, the variable zM is fixed as in (12), and
we do the minimization over xM as follows:

x(l+1)
M = argmin

xM

{
f(xM ) +

1

2α
‖z(l)M −DxM‖22

}

s.t. 0 ≤ xi ≤ 1, i ∈ {1, . . . ,M}. (13)

Since the constraint is a quite simple convex set, to solve (13),
a projected gradient descent is used: after a gradient descent

(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
1

2α
‖z(l)M −DxM‖22, (14)

the gradient step to optimize (13) is

x(l+1)
M = x(l)

M − µ∇xM g(x(l)
M ), (15)

where, ∇g(x(l)
M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:

∇xM g(x(l)
M ) = ∇xM f(x(l)

M )− α−1DT (z(l)M −Dx(l)
M ). (16)

We use the chain rule to calculate ∇f(x(l)
M ) as follows:

∂f(x(l)
M )

∂xi
= Tr

[(
∂f(ma

M )

∂ma
M

)T ∂ma
M

∂xi

]

+Tr
[(

∂f(Ra
M )

∂Ra
M

)T ∂Ra
M

∂xi

]
+ Tr

[(
∂f(Rn

M )

∂Rn
M

)T ∂Rn
M

∂xi

]
.

where xi is the ith element of xM . The above expression is
simplified to the following:

∂f(x(l)
M )

∂xi
= Tr

[
−2(ma

M )T (Rn
M )−1 ∂m

a
M

∂xi
−(Rn

M )−1 ∂R
a
M

∂xi

+ (Rn
M )−1(ma

Mma
M

T +Ra
M )(Rn

M )−1 ∂R
n
M

∂xi

]
,

where ∂ma
M

∂xi
= [∂ma

j /∂xi]j , and ∂C
∂xi

= [∂Cij/∂xi](i,j) in
which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)

M ).
To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-

mated extraction vector f̂M (7) versus the number of desired
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(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
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Algorithm 1 Alternating minimization (AM) for solving (9)
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(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
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is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.
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mean of the noise is set to be 0. The mean of the gain is
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ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
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which corresponds to an uncertainty with almost no spatial
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
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âK+N
<latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit><latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit><latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit><latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit>
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
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Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-

yK(t)
<latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit><latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit><latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit><latexit sha1_base64="dM9xxWkjU4muq2j23pQZZZGUxGc="></latexit>

yK+N (t)
<latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit><latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit><latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit><latexit sha1_base64="fRuBGLalRTizbNQzqsDla3pKzxk="></latexit>

kriging source 
extraction

sensor selection 
criterion

XN
<latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit><latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit><latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit><latexit sha1_base64="sbud9TWyIB/pswugs+MNtWGBoPE="></latexit>

âK+N
<latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit><latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit><latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit><latexit sha1_base64="wop1+Op85ououTBqeHQu+IN/azE="></latexit>
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )−1ba

M

+ (ba
M )T (Rn

M )−1ba
M +Tr((Rn

M )−1Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗

M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )2 + zTMRa

MzM

(ma
M )T (Rn

M )−1ma
M +Tr((Rn

M )−1Ra
M )

with zM = (Rn
M )−1aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )T (Rn
M )−1ba

M

+Tr((Rn
M )−1Ra

M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))2 + (zTMRa

MzM )/(zTMaM )2.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
a(x)s(t) + n(x, t) for a given t. 2nd plot: actual gain a(x) and its
estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
SNR (5), estimated SNR (9) and achieved SNR (14). Bottom: MI
criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.

on the uncertainty Ra
M of a(x). This multiplicative term is

lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup
The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.

3.2. Accuracy of the proposed criterion
In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
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(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
1

2α
‖z(l)M −DxM‖22, (14)

the gradient step to optimize (13) is

x(l+1)
M = x(l)

M − µ∇xM g(x(l)
M ), (15)

where, ∇g(x(l)
M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:

∇xM g(x(l)
M ) = ∇xM f(x(l)

M )− α−1DT (z(l)M −Dx(l)
M ). (16)

We use the chain rule to calculate ∇f(x(l)
M ) as follows:
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where xi is the ith element of xM . The above expression is
simplified to the following:

∂f(x(l)
M )

∂xi
= Tr

[
−2(ma

M )T (Rn
M )−1 ∂m

a
M

∂xi
−(Rn

M )−1 ∂R
a
M

∂xi

+ (Rn
M )−1(ma

Mma
M

T +Ra
M )(Rn

M )−1 ∂R
n
M

∂xi

]
,

where ∂ma
M

∂xi
= [∂ma

j /∂xi]j , and ∂C
∂xi

= [∂Cij/∂xi](i,j) in
which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)

M ).
To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-
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Fig. 1. Influence of the initialization. Output SNR vs. the
number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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Fig. 2. Effect of the regularization parameter ε to control the
sensor distances. Top: initial sensors localisation, middle and
bottom final sensors localisation for ε = .5 and ε = 1, respec-
tively.
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Fig. 3. Effect of the smoothness parameter of spatial gain ρa.

2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
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the gradient step to optimize (13) is
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where, ∇g(x(l)
M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:
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which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)
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To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
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15: end for
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Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.
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Fig. 1. Influence of the initialization. Output SNR vs. the
number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

Fig. 2. Effect of the regularization parameter ε to control the
sensor distances. Top: initial sensors localisation, middle and
bottom final sensors localisation for ε = .5 and ε = 1, respec-
tively.
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Fig. 3. Effect of the smoothness parameter of spatial gain ρa.

2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.

Conclusion:
• Greedy initialization leads to a better extraction of the source 

compared with using regularly-spaced initialization.

• Proposed method improves the SNR compared to the greedy

approach.

• Proposed method with regularly-spaced initialization is worse

than greedy approach.

M
(number of sensors)
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Fig. 1. Influence of the initialization. Output SNR vs. the
number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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Fig. 2. Effect of the regularization parameter ε to control the
sensor distances. Top: initial sensors localisation, middle and
bottom final sensors localisation for ε = .5 and ε = 1, respec-
tively.
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Fig. 3. Effect of the smoothness parameter of spatial gain ρa.

2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
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2α
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the gradient step to optimize (13) is
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M ), (15)
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M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:
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where xi is the ith element of xM . The above expression is
simplified to the following:
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where ∂ma
M

∂xi
= [∂ma

j /∂xi]j , and ∂C
∂xi

= [∂Cij/∂xi](i,j) in
which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)

M ).
To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
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In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-

mated extraction vector f̂M (7) versus the number of desired

(GD) update, the result is projected onto [0, 1]. That is, by
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2 t
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8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)
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tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =
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i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-

mated extraction vector f̂M (7) versus the number of desired
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Number of desired sensors: M=15

Conclusion:
• Increasing ε leads to increasing the average distance between the sensors with a slightly decrease of the output SNR .
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Fig. 1. Influence of the initialization. Output SNR vs. the
number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.
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In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
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sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

Fig. 2. Effect of the regularization parameter ε to control the
sensor distances. Top: initial sensors localisation, middle and
bottom final sensors localisation for ε = .5 and ε = 1, respec-
tively.

10-4 10-3 10-2 10-1
28

30

32

34

36

38

Greedy
Proposed (greedy initialization)

Fig. 3. Effect of the smoothness parameter of spatial gain ρa.

2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.

SNR: 29.22 dB (initial SNR)

SNR: 32.22 dB

SNR: 31.53 dB

X
(sensor positions)



gipsa-lab

Effect of the smoothness parameter

19 / 21

0 5 10 15 20 25
-5

0

5

10

15

20

25

30

35

40

Greedy
Proposed (regularly spaced initialization)
Proposed (greedy initialization)

0 5 10 15 20 25
-5

0

5

10

15

20

Greedy
Proposed (regularly spaced initialization)
Proposed (greedy initialization)

Fig. 1. Influence of the initialization. Output SNR vs. the
number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
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2α
‖z(l)M −DxM‖22, (14)

the gradient step to optimize (13) is
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M ), (15)

where, ∇g(x(l)
M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:
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where xi is the ith element of xM . The above expression is
simplified to the following:
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where ∂ma
M

∂xi
= [∂ma

j /∂xi]j , and ∂C
∂xi

= [∂Cij/∂xi](i,j) in
which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)

M ).
To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
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i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.
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We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
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the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
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of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
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mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =
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and σa as well as the size of the spatial grid for greedy initial-
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α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
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final algorithm to solve (8) is summarized in Algorithm 1.
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is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-

mated extraction vector f̂M (7) versus the number of desired

(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
1

2α
‖z(l)M −DxM‖22, (14)

the gradient step to optimize (13) is

x(l+1)
M = x(l)

M − µ∇xM g(x(l)
M ), (15)

where, ∇g(x(l)
M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:

∇xM g(x(l)
M ) = ∇xM f(x(l)

M )− α−1DT (z(l)M −Dx(l)
M ). (16)

We use the chain rule to calculate ∇f(x(l)
M ) as follows:

∂f(x(l)
M )

∂xi
= Tr

[(
∂f(ma

M )

∂ma
M

)T ∂ma
M

∂xi

]

+Tr
[(

∂f(Ra
M )

∂Ra
M

)T ∂Ra
M

∂xi

]
+ Tr

[(
∂f(Rn

M )

∂Rn
M

)T ∂Rn
M

∂xi

]
.

where xi is the ith element of xM . The above expression is
simplified to the following:

∂f(x(l)
M )

∂xi
= Tr

[
−2(ma

M )T (Rn
M )−1 ∂m

a
M

∂xi
−(Rn

M )−1 ∂R
a
M

∂xi

+ (Rn
M )−1(ma

Mma
M

T +Ra
M )(Rn

M )−1 ∂R
n
M

∂xi

]
,

where ∂ma
M

∂xi
= [∂ma

j /∂xi]j , and ∂C
∂xi

= [∂Cij/∂xi](i,j) in
which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)

M ).
To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-

mated extraction vector f̂M (7) versus the number of desired

(GD) update, the result is projected onto [0, 1]. That is, by
defining the cost function as follows:

g(xM ) = f(xM ) +
1

2α
‖z(l)M −DxM‖22, (14)

the gradient step to optimize (13) is

x(l+1)
M = x(l)

M − µ∇xM g(x(l)
M ), (15)

where, ∇g(x(l)
M ) is the gradient of the smooth function g(.) at

the previously updated point x(l)
M , and µ > 0 is a step size. To

derive the gradient of g(.), we can write:

∇xM g(x(l)
M ) = ∇xM f(x(l)

M )− α−1DT (z(l)M −Dx(l)
M ). (16)

We use the chain rule to calculate ∇f(x(l)
M ) as follows:

∂f(x(l)
M )

∂xi
= Tr

[(
∂f(ma

M )

∂ma
M

)T ∂ma
M

∂xi

]

+Tr
[(

∂f(Ra
M )

∂Ra
M

)T ∂Ra
M

∂xi

]
+ Tr

[(
∂f(Rn

M )

∂Rn
M

)T ∂Rn
M

∂xi

]
.

where xi is the ith element of xM . The above expression is
simplified to the following:

∂f(x(l)
M )

∂xi
= Tr

[
−2(ma

M )T (Rn
M )−1 ∂m

a
M

∂xi
−(Rn

M )−1 ∂R
a
M

∂xi

+ (Rn
M )−1(ma

Mma
M

T +Ra
M )(Rn

M )−1 ∂R
n
M

∂xi

]
,

where ∂ma
M

∂xi
= [∂ma

j /∂xi]j , and ∂C
∂xi

= [∂Cij/∂xi](i,j) in
which C represents any covariance matrix, and Cij corre-
sponds to its (i, j)th entry. This way, we have computed the
gradient of f(x(l)

M ) over the ith sensor position, providing thus
the expression of the gradient vector ∇xM f(x(l)

M ).
To determine µ in (15), we use a backtracking line search

strategy [12]. After updating xM using (15), any element of
x(l+1)
M is projected into [0, 1].

Finally, to solve (10) we start with an initial point and al-
ternate between the projection step (12) and the GD step (15).
As done in standard penalty methods [12], the problem (10)
should be solved for a decreasing sequence of α, e.g., as
{α0,α1, . . .} where αk+1 = ηαj , with 0 < η < 1. For
each fixed value of α, we perform a few iterations between
(12), (15) projecting x. Moreover, iterations corresponding to
αj+1 are initialized by the final estimate found for αj . The
final algorithm to solve (8) is summarized in Algorithm 1.

Since the problem (9) is non-convex, its initialization
is important to find an appropriate minimizer. We propose
to initialize the algorithm with the solution obtained by the
greedy approach [11]. In this way, the algorithm is more
likely to end up with a good local minimum.

Algorithm 1 Alternating minimization (AM) for solving (9)
1: Inputs:

{
x(0), z(0)

}
, µ0, α0, Q

2: Initialization: Set µ = µ0, l = 0
3: for j = 1, 2, · · · , Q do
4: while stopping criterion not met do
5: t(l) = ‖∇g(x(l))‖22
6: while g(x(l) − µ∇g(x(l))) > g(x(l))− µ

2 t
(l) do

7: µ ← β · µ
8: end while
9: x(l+1) = x(l) − µ∇g(x(l))

10: Project x(l+1) into [0, 1]
11: Perform projection (12) to obtain z(l+1)

12: l ← l + 1
13: end while
14: αj+1 = η · αj

15: end for
16: Output: x(l)

4. NUMERICAL EXPERIMENTS

In this section, the numerical setup is first presented. Then
the influence of the initialization, the effect of the regulariza-
tion based on the sensors distances and of the smoothness of
the spatial gain are presented in Subsections 4.2, 4.3 and 4.4,
respectively.

4.1. Numerical setup
Synthetic data are generated in a 1D space, where the range
of the sensor locations is normalized between 0 and 1. We
consider a prior on the spatial gain and noise to be generated
from GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean of the noise is set to be 0. The mean of the gain is
given by ma(x) =

∑5
i=1 γi sin

di(wiπx), where, γi, di and
wi are the ith elements of the vectors G = [0.1, 0.2, · · · , 0.9],
D = [1, 1, 3, 1, 2], and W = [25, 26, · · · , 29], respectively.
The smoothness parameters ρn, and ρa, and the variances σn

and σa as well as the size of the spatial grid for greedy initial-
ization take different values for each experiment. Also, we set
α0 = 1, Q = 50, η = 0.5, µ0 = 1, and β = 0.5.

4.2. Influence of the initialization
We set the size of the spatial grid to be 100. Two different
values of the uncertainty on the spatial gain are considered,
σa = 1 and σa = 3. The noise variance σn is accordingly
set such that the SNR becomes 0.8 dB. The smoothness of
the uncertainty on the spatial gain (ρa) is set to ρa = 0.001,
which corresponds to an uncertainty with almost no spatial
correlation. The spatial smoothness of the noise ρn is set to
ρn = 0.01ρa. The lower bound ε on ‖Dx‖22 is also consid-
ered to be ε = M(M−1)

2 × 10−3.
The true value of the output SNR (2) computed with esti-

mated extraction vector f̂M (7) versus the number of desired

:

0 5 10 15 20 25
-5

0

5

10

15

20

25

30

35

40

Greedy
Proposed (regularly spaced initialization)
Proposed (greedy initialization)

0 5 10 15 20 25
-5

0

5

10

15

20

Greedy
Proposed (regularly spaced initialization)
Proposed (greedy initialization)

Fig. 1. Influence of the initialization. Output SNR vs. the
number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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Fig. 2. Effect of the regularization parameter ε to control the
sensor distances. Top: initial sensors localisation, middle and
bottom final sensors localisation for ε = .5 and ε = 1, respec-
tively.
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Fig. 3. Effect of the smoothness parameter of spatial gain ρa.

2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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the spatial gain to be σa = 5. We also considered SNR to be

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0
5
10
15

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

Fig. 2. Effect of the regularization parameter ε to control the
sensor distances. Top: initial sensors localisation, middle and
bottom final sensors localisation for ε = .5 and ε = 1, respec-
tively.

10-4 10-3 10-2 10-1
28

30

32

34

36

38

Greedy
Proposed (greedy initialization)

Fig. 3. Effect of the smoothness parameter of spatial gain ρa.

2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.
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number of sensors. left: σa = 1, right: σa = 3.

sensors M are depicted in Fig. 1. If no prior information is
used for the initialization, one can initialize the sensor loca-
tions regularly-spaced between 0 and 1. On the contrary, one
can use the previously proposed greedy approach, where each
sensor are added one by one [11], to initialize the sensor loca-
tions. Firstly, one can see that the greedy initialization leads
to a better extraction of the source s(t) than using regularly-
spaced initial locations for the sensors before applying our
proposed method to adjust the sensor locations. Indeed, the
difference of output SNRs varies between 10dB for a single
sensor and 5dB for 25 sensors.

Moreover, the proposed method to adjust the sensor loca-
tions leads to improve the SNR of about 3dB to 5dB compared
to the greedy approach. Indeed, this result is expected since
the proposed method tackles the optimization of the sensor
locations all at the same time instead of one after the other
as in the greedy method. It is also worth noting that the out-
put SNR is worse by applying the proposed method with a
regularly-spaced initialization than by just choosing the sen-
sor locations by the greedy method proposed in [11] with no
additional adjustment.

4.3. Regularizing sensors distances
Figure 2 shows the effect of regularizing sensor distances and
how it can help to control the average distances between pairs
of sensors. In this part, all the parameters are set as in the
previous section with σa = 1, except that here we consider a
tighter grid of size 320. Also, the number of desired sensors
are set to be M = 15. For the proposed method, two different
values for the lower bound are considered: ε = 0.5 and ε = 1.

The second and the third sub-figures demonstrate the ef-
fect of ε in tuning the average distances between the sensors.
The final SNR values for each approach, from top to bottom,
are 29.22 dB (initial SNR), 32.22 dB (ε = .5), and 31.53 dB
(ε = 1), respectively. However, increasing ε leads to only a
slight decrease of the output SNR while increasing the aver-
age distance between the sensors.

4.4. Effect of the smoothness parameter ρa

In this part we study the performance for different smoothness
levels of the uncertainty on the spatial gain (ρa). We consider
an almost difficult situation with the uncertainty parameter of
the spatial gain to be σa = 5. We also considered SNR to be
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2 dB to set σn. The rest of the parameters are set similarly as
in subsection 4.2. In Fig. 3, the output SNR versus the degree
of the spatial gain smoothness is depicted. We can see that as
the signal becomes more non-smooth, the performance of the
greedy approach deteriorates much faster than the proposed
method. This is due to the presence of highly informative sen-
sor positions in between grid points, which cannot be chosen
by the greedy approach.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we addressed optimal sensor placement for sig-
nal extraction by maximizing output signal to noise ratio. In
contrast to the greedy approach proposed in [11], the pro-
posed method adjust all the sensors locations at once instead
of choosing them one at a time. To this end, a gradient-based
method is proposed to search for the sensor locations over
the whole space. A constraint, controlling the average dis-
tances between sensors, is also considered to avoid to choose
too close sensors (e.g., depending of their size). Due to the
non-convexity of the cost function, the proposed algorithm is
initialized with the solution of the greedy approach. Experi-
mental results demonstrate that the proposed method provides
about 3 dB improvements over the greedy approach. Also,
thanks to the new constraint, the proposed method is shown
to be able to control the average distances between the sen-
sors. In future works, an explicit constraint on each distance
between pair of sensors will be studied as well as other global
optimization algorithms to avoid convergence to a local opti-
mum.

Conclusion:
• In non-smooth cases, the performance of the greedy method deteriorates much faster than the proposed method. 
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Conclusions
• The problem of optimal sensor placement for signal
extraction: Maximizing the output SNR

• A new gradient-based method: searching for the
sensor locations over the whole space and adjusting
the sensors locations at once.

• Using a spatial regularization constraint.

• Initializing with the solution of the greedy approach

• Numerical simulations:
Ø Improvement of the output SNR compared to
the greedy approach

Ø Being able to control the average distances
between the sensors

Thank you!
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Perspectives
• An explicit constraint on each distance between
pair of sensors

• Other global optimization algorithms to avoid
convergence to a local optimum


